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Abstract 

On a large class of Riemannian manifolds with boundary, some dimension-free 
Harnack inequalities for the Neumann semigroup is proved to be equivalent to the 
convexity of the boundary and a curvature condition. In particular, for pt{x,y) the 
Neumann heat kernel w.r.t. a volume type measure /i and for K a constant, the 
curvature condition Ric — VZ > K together with the convexity of the boundary is 
equivalent to the heat kernel entropy inequality 

/ X, z log ^^^f^ dz < 2m t>0,x,y£M, 
Jm Pt[y,z) 2(e^^*-l) 

where p is the Riemannian distance. The main result is partly extended to manifolds 
with non-convex boundary and applied to derive the HWI inequality. 

AMS subject Classification: 60J60, 58G32. 
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1 Introduction 

Let M be a connected complete Riemannian manifold possibly with a boundary dM. Let 
L = A + Z for a C2 vector field Z on M. Let Pt be the (Neumann if dM ^ 0) diffusion 
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semigroup generated by L. Then for any measure /i equivalent to the Riemannian volume, 
Pt has a heat kernel {pt{x,y) : x,y E M} with respect to fi, i.e. 

Ptf{x)= / pt{x,y)f{y)fx{dy) 

J M 

holds for any bounded measurable function /. When dM = 0, there exist many equivalent 
statements on the semigroup Pt for the following curvature condition (known as the r2 
condition of Bakry and Emery [2]): 



(1.1) Ric{X, X) - {VxZ, X) > -K\X\\ X e TM, 

where K G M is a constant. See e.g. [H |3] for equivalent gradient and Poincare/log- 
Sobolev inequalities, [11] for equivalent cost (or Wasserstein distance) inequalities, and 
[I4] for equivalent dimension-free Harnack inequalities. These equivalences also hold if M 
has a convex boundary (cf. jH]). The main purpose of this paper is to provide equivalent 
heat kernel inequalities for (11. ip and the convexity of dM. To this end we first recall two 
known Harnack type inequalities for P^. 

According to [131 Lemma 2.2], if dM is either empty or convex, then (11.11) implies the 
Harnack inequality 



^1-2) ^fffrr^^^pi or ^^T/r^^-2A-^J ' fe^,^{M),t>0,x,yeM 

Ptf^fvy) L2(a - 1)(1 -e ^^*)J 

for all a > 1, where ^^{M) is the set of all positive measurable functions on M, and 
p is the Riemannian distance on M. It is also proved in [11] that, if (II. 2p holds for all 
a > 1 then (II. ip holds. In this paper we shall prove that (II. 2p is equivalent to (ll.ip for 
each fixed a > 1. 

Next, when dM is either empty or convex, we prove that (II. ip is also equivalent to 
the following log-Harnack inequality, a limit version of (II. 2p as a — >^ cx3 (see Section 2): 



:i.3) P,(log/)(x)<logP,/(y) + ^^^^^^, />l,t>0,x,yeM. 



Note that this type inequality was used in [1] for the study of HWI inequalities on mani- 
folds without boundary. In conclusion we have the following result. 

Theorem 1.1. Assume thatdM is either empty or convex. Let K G M. Then the following 
statements are equivalent to each other: 

(1) Ric(X,X) - {VxZ,X) > X G TM. 

(2) The Harnack inequality holds for all a > 1. 
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(3) 



The Harnack inequality holds for some a > 1. 



(4) The log-Harnack inequality i \1.3^ holds. 

(5) For any a > 1, 

'Pt{x,z'' 



:i.4) 



Pt{x, z) 



M 



Ptiy, z] 



lji{dz) < exp 



Kap{x,yf 



2{a - 1)2(1 - e- 
t > 0,x,y e M. 



-2Kt\ 



(6) There exists a > 1 such that ( |i.^p holds. 

(7) The following entropy inequality holds: 



To see that the assumption on the boundary is essential, we intend to prove that 
when dM is non-empty, each of (11.21) . (II. 3p . (11.41) and (II. 5p imphes the convexity of dM. 
Due to technical reasons for estimates on local times, we assume that LpQ is bounded for 
small Pa, where pq is the Riemmanian distance to dM . This assumption is trivial when 
the manifold is compact. Moreover, by Kasue's comparison theorems [7], this assumption 
follows if there exists > such that (Z, Vpa) is bounded on the set {ps < tq}, dM has a 
bounded second fundamental form and a strictly positive injectivity radius, the sectional 
curvature of M is bounded above, and the Ricci curvature of M is bounded below (see 
e.g. [l5l[T6] for details). 

Theorem 1.2. Let M have a boundary dM such that for some constant tq > the 
function pg is smooth with bounded Lpg on the set {pg < r^}. Then (I i . 5]) implies that 
dM is convex. Consequently, each of statements (2) -(7) in Theorem \l.l\ is equivalent to 

(8) dM is convex and (1 1 . ip holds. 

Obviously, Theorem 11.21 implies the assertions claimed in Abstract. We remark that a 
formula for the second fundamental form was presented in a recent work [T7] for compact 
manifolds with boundary by using the gradient estimate due to Hsu [5] . As a consequence, 
the manifold is convex if and only if the gradient estimate 

\VPtfr < e^*PdV/r, t > 0, / G Cl{M) 

holds for some p > 1 and G M. When dM is empty it is well known that such a gradient 
estimate is equivalent to the curvature condition (11.11) (see e.g. [H]), but the equivalence 
with the convexity of boundary was first observed in [T7] . Theorem 11.21 in this paper 
provides more equivalent semigroup (heat kernel) properties for (II. ip and the convexity 
of dM without using gradient. 
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In Section 2 we shall provide in the next section some general properties for Harnack 
type inequalities, which are interesting by themselves. Using these properties we are able 
to present complete proofs for the above two theorems in Sections 3 and 4 respectively. 
The log-Harnack inequality is established in Section 5 for a class of non-convex manifolds. 
As an application, the HWI inequality is presented in Section 6. Finally, two technical 
points, i.e. the exponential estimates of the local time and a simple proof of Hsu's gradient 
estimate on non-compact manifolds, are addressed in the Appendix. 



2 Some properties of Harnack Inequalities 

Let {E,p) be a metric space, and P{x,dy) a transition probability on E, which provides 
a contractive linear operator P on ^f,{E), the set of all bounded measurable functions on 
E: 

Pf{x) = [ fiy)P{x,dy), f e ^b{E),x e E. 

J E 

Let ^^{E) be the set of nonnegative elements in ^^{E). We shall study the following 
Harnack inequality with a power a > 1: 



(2.1) 



{Pf{x)r<{Pny))exp 



acp{x,yf 



a 



f e^tiE),x,yeE, 



where c > is a constant. To state our first result in this section, we shall assume that E 
is a length space, i.e. for any x ^ y and any s G (0, 1), there exists a sequence {zn} C E 
such that p(x, Zn) — ^ sp{x, y) and p{zn, y) ^ {1 — s)p{x, as n — > oo. 

Proposition 2.1. Assume that {E, p) is a length space and let ai, a2 > 1 be two constants. 
If l \2.1\i holds for a = ai, 02, it holds also for a = aia2- 



Proof. Let 



«! — 1 



ai[a2 



a\a2 — 1 a\a2 — 1 

and let {2„} C E such that p{x,Zn) — >■ sp{x,y) and p{zn,y) — (1 — s)p{x,y) as n — 00. 
Since (12. ip holds for a = ai and a = 02, for any / e ^^{E) we have 



(Pf(x)r-2 < (Prn^n))"^exp 
<(P;^"^(y))exp 
Letting n — > 00 we arrive at 



aia2cp{x, Zn 



\2-, 



ai — 1 

aia2cp(x, a2Cp{zn,yy 



ai — 1 



a2 



4 



(P/(x))-^°^<(Pr^"^(y))exp 



aia2cs^p{x,yf ^ a2c(l - sYp{x, yY 

«! — 1 
aia2cp{x,yY 
aia2 — 1 



02-1 



Proposition 2.2. If i\2.1\i holds for some a > 1, then 

P(log/)(x) < \ogPf{y) + cp{x,y)\ x,yeEJ>lJe ^i>{E). 
Proof. By Proposition 12.11 (11.51) liolds for a"'{n G N) in place of a. So, 

cp{x,y)^- 



Pf-" (x) < {Pf{y)T- exp 
Tlierefore, by tlie dominated convergence theorem 



a"^ -I 



□ 



P(log/)(x) = lim P 



r 



< lim <; 

n— >oo l 



a " 

fiPf{y)r 



logP/(?/) + cp{x,yf. 



□ 



Proposition 2.3. Let $ &e a positive function on E x E such that y) as y ^ x 
holds for any x & E. Then the log-Harnack inequality 



(2.2) P(log/)(x) <logP/(y) + <l>(x,y), x,y E EJ > IJ e -^,{E) 

implies the strong Feller property of P, i.e. P^f,{E) C Cb{E). 

Proof It suffices to prove that Pf G Ch{E) for / G ^^{E). Applying ([O]) for 1 + e/ in 
place of /, we obtain 

Pfiy) - eWfWl < P^^^^^^^(y) < I log(l + ePfix)) + e>0,x,yeE. 
Letting first y —>■ x then e — > 0, we arrive at 

limsupP/(?/) < Pf{x). 



On the other hand, we have 



log(l + 5/) <l>{x,y) 1 TDf(\\^-nf(\ 

P [x) — < -\og{l + ePtf{y)) < Ptfiyj- 



Letting first y ^ x then e ^ 0, we arrive at 



P/(x) < hminf P/(?/). 



□ 



Obviously, each of (12.11) and (12.21) implies that ■) and (-P(y, ■) are equivalent to 
each other. Indeed, if P(?/, A) = then applying (12. ip to / = 1^ or applying (12. 2p to 
/ = 1 + uIa and letting n oo, we conclude that P{x, A) = 0. By the same reason, 
P{x, ■) and P{y, ■) are equivalent for any x,y E E if 



(2.3) {Pf{x)r < (Pr(2/))^(x, y), x,yeEJe ^+(E) 

holds for some positive function on E x E. In these cases let 

_ P{x,dz) 
^-^^"^-P(y,d.) 

be the Radon- Nikodym derivative of P(x, ■) with respect to P{y, ■). 

Proposition 2.4. Let $, \E' be positive functions on E x E. 

(1) (1^.51) holds if and only if P{x, ■) and P{y, ■) are equivalent and px,y satisfies 

(2.4) P{p^/("-i)}(x)<v[/(x,y)i/("-i), x,yeP. 

(2) {\2.^ holds if and only if P{x, ■) and P{y, ■) are equivalent and Px,y satisfies 

(2.5) P{\ogpx,y}{x) <^{x,y), x,yeE. 

Proof (1) Applying (Q to /„(2) := {n A px^y{z)Y/^"-^\ n > 1, we obtain 



(P/n(x))" < ^{x,y)Pf:iy) = ^{x,y) / {n A p,,,(2)}-/(--i)p(y, d^) 

<*(a;,2/) / {nAp,,^(2)}i/("-i)p(x,d^) = *(x,y)P/„(x). 
Je 



Thus, 
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^ ^ n— >oo 

So, (EJD implies (EH). 

On the other hand, if (12. 4p holds then for any / G ^'^{E), by the Holder inequality 

Pfix) = J^{p,Jiz)fiz)Piy,dz) < (Pr(y))i/"(^^p.,,(^)"/("-i)p(y,d^)y 

Therefore, fl2.3p holds. 

(2) We shall use the following Young inequality: for any probability measure u on M, 
if gi,g2 > with uIqi) = 1, then 



92^ 



i^igm) < iy{giloggi) + logi^(e 

For / > 1, applying the above inequality for gi = Px,y,g2 = log/ and u = P{y,-), we 
obtain 

P(log/)(x)= / K,,(^)log/(^)}P(y,d^) 
Je 

< P{\ogpx,y){x) + log Pf{y). 
So, (12. 5p implies (12. 2p . On the other hand, applying (12. 2p to /„ = 1 + np^^y, we arrive at 

P{logpx,y}{x) < P(log/„)(x) -logra 

n + 1 

< \ogPfn{y) - \ogn + ^{x,y) =log h$(x,?/). 

n 

Therefore, by letting n — oo we obtain (12.51) . □ 



3 Proof of Theorem 11.1 



By [ISl Lemma 2.2], if dM is either convex or empty then (II. ip implies (II. 2p . Combining 

(^\ _ Ptix,z) 
'^y^ > pt{y,z)' 



this with Propositions 2.2 and 2.4 for P = P^ so that p^^y^z) = it remains to prove 



that ([IS]) implies (fO) . 

Let a; G M (when M has a convex boundary, we take x in the interior) and X G T^M 
be fixed. For any > 1 we may take / G C^(M) such that / > 1, / is constant outside 
a compact set, and 

(3.1) V/(a;) = X, Hess/(a;) = 0, f\x) > n. 
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If M has a convex boundary (9M, we may assume further that / is constant in a neigh- 
borhood of DM so that the Neumann boundary condition is satisfied. Such a function 
can be constructed by using the exponential map as follows. Let ro > be smaller than 
the injectivity radius at point x such that the exponential map 



exp^ : {Y e T^M : |r | < tq} B{x, tq) := {z G M : z) < tq} C M \ dM 
is diffeomorphic. Then the function 

g{z) := (X,exp-^(2;)), z G B{x,ro) 

is smooth and satisfies Vg{x) = X, HesSg(x) = 0. Let F G C^{M) such that F\B{x,rQ/'i) = 
1 and F\B{x,ro/2y = 0. Then / := gF + R meets our requirements for a large enough 
constant R> 0. 

Taking •jt = exp^.[— 2tV log /(x)], we have p{x,'yt) = 2t|Vlog/|(a;) for t G [Ojto], where 
to > is such that 2to|^| < rof^x). By flL3l) with y = 7^, we obtain 



2/0^1 Vloff f\'^(r) 

(3.2) P,(log/)(x)<logP,/(7*) + ^_j2Kt ' teiO,t,]. 

Since Lf G Cq{M) and Llog/ = around dM, and noting that Hess/(x) = implies 
V|V/p(x) = 0, at point x we have 



^P,log/|i=o = L\ogf = ^ - |Vlog/|^ 

^P.log/|.o ^ L^log/ ^ f - ^ + 2(V./, V/-) - ^ 

.™-^-2(V|V/P,V/-) 
- -J Y2 v;; + — -. a. 

Thus, by Taylor's expansions, 



(3.3) Pt(log/)(x) = log/(a;) +t{r'Lf - \Vlogf\'){x) + -A + o{t') 

holds for small t > 0. On the other hand, let A''^ = //^.^^jV log/(x), where //x^-yt is the 
parallel displacement along the geodesic t 7^. We have ■jt = —'^Nt and V^^Nt = 0. So, 
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p., ,1 [LPtf, , 2(VP,/,iV,) ^ X Lf 2 

^logP./(7.)U=(^(7t) ,^, = --2|Vlog/| , 

r|2 rax (rf]2 o 

^logPt/(7t)l*=o - ^ - 2(V(r^L/), Vlog/) - -(VL/, Vlog/) 

+ ( V/, V log + 4Hessiog/( V log /, V log /) 



f P 



P 



P 



where, as in above, the functions take value at point x and we have used Hess/(x) = in 
the last step. Thus, we have 

logPJ(7i) = log/(x) + t{r'Lf - 2|Vlog/|2)(x) + ^5 + o{e). 
Combining this with (13. 2p and (13.31) . we arrive at 



1 



1 - 



2Kt 



tV 1 - e-2i^* 
Letting t ^ we obtain 



Vlog/|2(x)< 



l/L|V/p-2(VL/,V/) , 2|V/| 



P 



+ 



P 



:x) + o(i). 



T2{fJ){x) := h\Vp'{x) - (VL/, V/)(x) > -i^|V/p(x) '^^''^ 



P 



x). 



Since by the Bochner-Weitzenbock formula and (13.11) we have V/(x) = X, f{x) > n and 

T,{f,f){x) = Ric(X,X) - {VxZ,X), 



it follows that 



Ric(X,X) - {VxZ,X) > ~K\X\ 



\X\ 



n 



n > 1. 



This implies (11.11) by letting n ^ oo. 



4 Proof of Theorem 11.2 



Since in the proofs of [T71 Theorem 2.1 and Lemma 2.2] only the boundedness of LpQ on 
{Pd ^ ''"0} rather than the compactness of M is used, these two results hold true in the 
setting of Theorem II. 2 [ More precisely, we have the following result. 
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Proposition 4.1. // there exists tq > such that pg is smooth with bounded Lpg on 
{Pd ^ i^o}i then there exists a constant c > such that Klf < at holds for all xq G dM 
and t G [0, 1], and 



lim sup - E/( -j= yt < oo 



holds uniformly in xq G dM. 



Let TV be the unit inward normal vector field of dM. Then 



I{X, X):=- (VxiV, X)>0, X E TOM 



is the second fundamental form of dM. By definition dM is called convex if I > 0. 

For any x G and X G T^dM, let / G C°°(M) be such that / > l,A^/|aM = 
and V/(x) = X. We may further assume that / is constant outside a compact set. To 
construct such a function, let / G C^{dM) such that VdMf{x) = X, where Vom is the 
gradient on dM with respect to the induced metric. Let / be supported on dMr\B{x, m) 
for some m > 0, where B{x,m) is the open geodesic ball around x with radius m. Then 
there exists ri G (0, 1) such that the exponential map 



is smooth and one-to-one, which is known as the local polar coordinates around B{x,m + 
2) DdM. Let h G C°°([0, oo)) such that /i|[o,(riAro)/4] = 1 and /?-|[{roAri)/2,oo) = 0. Since / 
is supported on B{x,m) the function 



for large enough constant R> meets our requirements. 

Let expf : T^dM —>■ dM be the exponential map on the Riemannian manifold dM 
with the induced metric, and let 



U := m + 3) n dM) x [0, n) 3 {9, r) ^-> expJriV] 



M 3 X 



fix) ■.= R + 



f{9)h{r), if there exists {9,r) G U such that x = expg[rA^], 
0, otherwise 



7i = expf [-2tVlog/(x)], t>0. 



Applying (11. 3p to y = •jt we obtain 



(4.1) 



Pilog/(x) <logPi/(7i) + 



2Kt^\V\ogfWx) 
1 - e-2^* 



t > 0. 



Since / and Lf satisfy the Neumann boundary condition, we have 
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Pt log /(x) = log /(x) + / PsL log f{x)ds 

(4.2) 



'0 



log/(x)+ [ Ps^{x)ds- [ Ps\Vlogf\\x)ds. 
Jo J Jo 



Let Xg be the reflecting L-diffusion process with Xq = x, and let Ig be its local time on 
dM. By the Ito formula for |Vlog/p(xs) we obtain 



P,|Vlog/|^(x) = |Vlog/|^(x)+ / P,L|Vlog/|^(x)dr + E / (iV, V| V log /|0(X,)d/,. 

Jo Jo 

Since / satisfies the Neumann boundary condition so that 

(iV, V|Vlog/|2) = 2r2Hess/(iV, V/), 
and since (V/, V(A^, V/)) = implies 

Hess/(iV, V/) = -(Vv/iV, V/) = I(V/, V/), 

it follows that 

P,|Vlog/|2(x) = \V\ogf\\x) + 0{s) + 2f-\x)I{Vf,Vf){x)Eh + o(Eh). 

Since due to Proposition 14.11 we have limt^Q t'^^^Klt = this and ( 14. 2p yield (recall 
that V/(x) =X) 

(4.3) P,log/(x)=log/(x)+/ P,^(x)d.-|Vlog/|^(x)- I{X,X)+o{t'/'). 

Jo J •iy'^ J l^;; 

On the other hand, we have 

Ptf{lt) = f{lt)+ f PsLf{^t)ds 
Jo 

= /(x)+t(7„V/(7s))|s=o + 0(t2)+ / PgLf{x)ds 

Jo 

2t 



/(^)- j^|V/r(x)+ / P.L/(x)d. + 0(t^). 



Thus, 
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logPt/(7t) = log/(x) 



fixj JO 



PsLf{x)ds - 2t|Vlog/|2(x) + 0{t' 



Combining this with (14. ip and (14.31) we arrive at 



(4.4) 



Obviously, 



I(X,X) + o(l). 



2Kt 



< 



-2Kt 



|Vlog/|2(x) 



hm —= (l -f— 



So, to derive I{X, X) > from (14. 4p it remains to verify 



(4.5) 



hm — - 

*-*0 t^/t JO 



P^— : — 1 [x)as = 0. 



Noting that Z is C^-smooth and / G C°°(M) is constant outside a compact set, we have 
Lf G Cq(M). Moreover, / > 1 and / satisfies the Neumann boundary condition. So, by 
the Ito formula we have 



(4.6) 



- / / ^ Jo V(^r) fix) 



1 



(iV, VL/)(X,,)d/, 



Since 4 is bounded and ^ x as r ^ 0, it follows from Proposition 14.11 that 



lim sup —j= 



E 



^f{Xr) fix) 

IIVL/II 



(iV, VL/)(x,)d/, 



<limsup /.""" Efz, sup |/(X,)-i-/(x)-i 



re[0,s] 

< ||VL/|Ulimsup(^) (E sup |/(X,)-^ - /(x)- 



1|2 



1/2 



0. 



Therefore, (14. 5 p follows from (14. 6 p immediately. 
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5 An extension to non-convex manifolds 



In this section we aim to established the log-Harnack inequahty on a class of non-convex 
manifolds. To this end, we need the following assumption. 

(A) The boundary DM has a hounded second fundamental form and a strictly positive 
injectivity radius, the sectional curvature of M is bounded above, and there exists r > 
such that Z is bounded on the r -neighborhood of DM. 

Under this assumption, we have sup^ G Me^'* < oo for all A > (see Proposition 17.11 
in Appendix). Let 

U^^y{s)= sup EV'''% x,|/eM,s>0. 

z:p(z,x)W p{z,y)<p{x,y) 

As a complement to known equivalent statements for lower bounds on curvature and 
second fundamental form derived recently in [18], the following result provides two more 
equivalent statements. 

Theorem 5.1. Assume (A). Let /T, a G M be two constants. Then the following state- 
ments are equivalent each other: 

(1) Ric -VZ> -K, I > -a. 



(2) Pt{\ogf){x) < logPtfiy) + '-T^ T-^ holds for all f G e^+(M) with 

/ > l,t > 0, andx,y e M. 

(3) (\,pt(x, z) log ^ip^ij{dz) < , _i holds for allt> 0,x,y e M. 

Proof. Since Proposition 12.41 ensures that (2) and (3) are equivalent, it suffices to prove 
the equivalence of (1) and (2). 

(a) (1) implies (2). According to (1), the following Hsu's gradient estimate holds (see 
Proposition 17.21 in Appendix): 



(5.1) \VPtf\' < (E{|V/|(Xt)e^*+'^''})' < (Pi|V/|2)Ee^^™*. 

Let 7 : [0, 1] M be the minimal curve with constant such that 7(0) = y and 
7(1) = X. We have I7I = p{x,y). Let h G C^{[0,t]) be such that h{0) = and h{t) = 1. 
By (15.11) and the definition of U^^y we have 

^P,logPi_J(7o/i(s)) 

= -P,|VlogPi_ J|2(7 o h{s)) + h{s){'j o h{s), VPs \ogPt-sf{l o h{s))) 

< -P,|VlogPi_J|2(7o/i(s)) + |/i(s)|p(x,y)e-^"^{?7.,,(s)P,|VlogPi_J|2(7o/i(s))}'/' 

<l|M.)|V(x,y)U,,(s)e^^^ se[0,t]. 
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This implies 



P,log/(x) < log PJ{y) + £ \his)\'U,,,{s)e'^^ds. 

Therefore, we prove (2) by taking 

h{s) = ^, L^i^iii 0,t. 

£e-2^^{f/.,,(r)}-Mr 

(b) (2) imphes (1). Let x E M \ dM. There exists 6 > such that the closed geodesic 
ball B{x, 26) at x with radius 26 is contained in M \ dM, i.e. B{x, 26) fl dM = 0. Let r 
be the hitting time of Xt to the boundary, we have (cf. [T71 Proposition A. 2]) 

P^(r <t) <Ce-^'/(^^*), zeB{x,6) 
for some constant C > and all t > 0. Moreover, by [T5l Proof of Lemma 2.1], we have 



(5.2) C := sup E^e^'^'^ < oo. 

zedM 

Since If = ioT t < t and It is increasing in t, it follows that 



< l + C"Ce"^'/(^^*), tG[0,l]. 

Thus, for any y G B{x,6), 

t -2Ks ft 2Kt _ 1 

i^d.= / e-^^Ms + o(t^) = ^--i + o(t3), 
'0 U^^y{s) Jq 2K 

where o(t^) is uniform in ?/ G 6). Combining this with the proof of Theorem 11.11 we 
derive Ric — > —K from (2). 

Now, let X G dM. By Proposition 14.11 and (15. 2p we have 

sup E^e^'^'* <l + ^Vt + 0{t). 

Then 



r e''''{U,y{s)}-'ds >t + ^ f ^Sds + 0{t'/') = t + -^^3/2 ^ ^(^3/2)_ 

Jo VTT Jo 3Vvr 

So, (2) implies 
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Thus, instead of ( 14.41) the proof of Theorem 11.21 yields 

By this and (1431) and letting t we deduce that X) > -cr|Xp. □ 



6 HWI inequality 

To study the HWI inequality, we consider the symmetric case that Z = W for some 
V e C^{M) such that /i(dx) = e^^^^dx is a probability measure on M, where dx is the 
Riemannian volume measure on M. Let Pt be the semigroup of the reflecting diffusion 
process generated by L on M, which is then symmetric in L^{fi). When dM is convex 
( II. ip implies the following gradient estimate (cf. [T0| [T3]) 



(6.1) IVPJI <e^*P,|V/|, feCliM). 

Combining this estimate and an argument of [1] (see also [9]), we can easily obtain the 
following HWI inequality: 



(6.2) M/'log/') < 2v/M|V/P)1^2(/V/i) + yH^2(/V/^)', Kf) = 1, 

where W2 is the L^-Wasserstein distance induced by the Riemannian distance function p 
on M. More precisely, for a probability measure u on M (note that we are using to 
replace in [1]) 

W^2('^,/u)^ := inf / p{x,yy7i{dx,dy), 
where ^(z^, fi) is the class of all couplings of u and p. 

Theorem 6.1. Let Z = W /or some H is a probability measure. 

Assume (A) and ( I i. ip . Lei I > —a /or some cr G M. T/ien 

r/A(s) := sup E^e^'^ < 00, s, A > 
15 



holds, and for any t > 0, 

(6.3) Mf,o,f),4(/^-^M.)d.),(|V/|Vjj;^^^ 

Proof. By Proposition 17.11 in Appendix, it remains to verify (16.31) . Let / G Cl{M) and 
t>0. We have 

(6.4) ^/s{{Pt-sf')logPt-sf'} = Ps p~lp ^ ^e[0,t]. 
By Proposition 17.21 below and the Schwartz inequahty we have 

Pt-sP Pt-sPiy) 

< 4e2^(*-^)En|V/p(Xi_,)e2-'-=} =: Ae'^^'-^^ g^iy), s G [0,t],y e M. 
Combining this with (16. 4p we obtain 

Pt{P\ogf') < {Pj')\ogP,f + 4 fe'^('-^^P,gAs. 

Jo 

Since /i is an invariant measure of Pt, taking integral for both sides with respect to fi we 
arrive at 

(6.5) fiifhgp) < fimP)\ogPj')+4 fe'^'^'-^^Mds. 

Jo 

Let P/^ be defined by 

Pt^h{x) = E^[/i(Xt)e2^'*], h G Cb{M). 

Then it is easy to see that u(t, x) := P"h{x) solve the heat equation with Robin boundary 
condition 

dfU = Lu, m(0, ■) = h, {Nu + 2au)\QM = 0. 

In particular, since L is symmetric in L'^ifJ^) under the Robin boundary condition, so is 
P^. Therefore, 

M = mn(Pf„jV/n = /x(|V/pP,-_,l) < fi{\Vf\')m.{t - s). 
Combining this with (16. 5p we obtain 
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(6.6) logf ) < /i((P,f) log PJ2) +4/i(|V/n f e'''%^is)ds. 

Jo 

On the other hand, for any x, y G M, let x. : [0, 1] ^ M be the minimal curve linking 
X and y with constant speed. We have \xs\ = p{x,y). Let h e C^([0,t]) be such that 
ho = 1, ht = 0. Then by Proposition 17.21 below, we have 

Ptlogfix) -log Pj\y) = ^*^P,(logPi_j2)(x,,_Jds 

< l^{\k^Mx,y)\VPSogP,^j')\{x,,^J-E^^^-s '^p^';}{J (^^)}d^ 

< /'E--4|/^.-s|p(x,y)^^(X.)e^(-^)+-'-» - 

< /^^e2%2.(s)d. =: c(t)p(x, yy. 

Now, let = 1 and vr G ^{pfi,fi) be the optimal coupling for W2{Pfi, fi)- It 

follows from the symmetry of Pt and (16. 7p that 



(6.7) 



^imn log PJ') = fiif'PtlogPJ') = / Pi(logP,r)(x)7r(dx,dy) 

Jmxm 

< I {logP2tf{y) + c{t)p{x,yf]Ti{dx,dy) 
Jmxm 

= fl{l0gP2tf) + c{t)W2{ff^,f^Y < c{t)W2{fp,py, 

where in the last step we have used the Jensen inequality that 

MlogP2tf)<log/i(^2tf) = 0. 

Combining this with (16. 6p we obtain 



Then the proof is completed by taking 



r*e-2^>,(n)-Mn ^ ^ 

Jq e ^^"?72a(M) ^du 



□ 
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7 Appendix 

We aim to confirm the exponential integrabihty of the local time and Hsu's gradient 
estimate used in Section 5 and Section 6 for the non-convex case, which are known in [15] 
and [5] respectively for the compact case. Here we shall reprove them for the non-compact 
case under assumption (A). 

To estimate Ee^'' for A > 0, we introduce some concrete conditions in terms of as- 
sumption (A). Let SectAf be the sectional curvature of M and igM > be the injectivity 
radius of dM. Let 

6r{Z) := sup(Z, Vpom)~, r > 0. 

Proposition 7.1. Let tq, a,k,> be such that 5ro(^) < oo, —a < I < 7 and SectM < k. 
Then 



sup E'^e^'' < exp 



Xdr ( \d 



+ (^ + A5,(Z) + 2A2)t 



t > 0, A > 



holds for any 



U < r < mm < iqm, tq, —p^ arcsm 



Proof. Let 



V VA; + 7 



h{s) = cos [Vk s) ^ sin (^Vk s), s > 0. 



Then h is the unique solution to the equation 

h" + kh = 0, /i(0) = l,/i'(0) = -7. 
By the Laplacian comparison theorem for pqm (cf. [?, Theorem 0.3] or 



ApsA/ > (pdM), PdM < idM A ^\0). 



Thus, 



(7.1) LpaM > ^^—jp^ipdAi) - Sr{Z), PdM < r. 

Now, let 



a = (1 - h{r)y~'^ [ {h{s) - h{r)Y-^ds, 
Jo 

^(s) = - / {h{t) - h{r)Y-'^dt I {h{u) - h{r)Y-^du, s > 0. 

Jo JtAr 

18 



We have ip{0) = 0,0 < ip' < "^'(0) = 1. Moreover, as observed in [T5l Proof of Theorem 
1.1], 



(7.2) 



^ dr 



d 2a 2 



Combining this with flT.ip we obtain (note that ip'{s) = for s > r) 



(7.3) Lip o pqj^j = ip' o pQ^LpdM + ° PdM > -- - SriZ) >-- - 5r{Z). 

a r 

On the other hand, since ip'{0) = 1, by the Ito formula we have 



(7.4) 



# o pdM{Xt) = V2tp' o pQM{Xt)dbt + Lipo pQM{Xt)dt + dk 



where 6j is the one-dimensional Brownian motion. Then it follows from (17. 2p and (17.31) 

that (note that \^'\ < I) 



Ee^'* = Eexp 

< exp 

< exp 



o pQMiXt) + + XSr{Z)y -V2xj^^'o pQM{Xs)db 

/ o peM{Xs))^ds 



^Xdr+(^y + X6r{Z)]t 



Eexp 

-Xdr+ (— + X6JZ) + 2X^)t 
2 \ r / 



1/2 



Proposition 7.2. Assume that (A). Let k,i,k,2 £ Cb{M) be such that 



□ 



(7.5) Ric-VZ>-Ki, 1>-K2 
hold on M and DM respectively. Then 

(7.6) |VPi/|(x) <E^||V/|(Xi)exp j\,{X,)ds + j\2{Xs)dl. 
holds for all f E Cl{M),t > 0, x E M. 



We first provide a simple proof of (17. 6p under a further condition that |VP./| is 
bounded on [0,T] x M for any T > 0, then drop this assumption by an approximation 
argument. Since this condition is trivial for compact M, our proof below is much shorter 
than that in [3]. 
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Lemma 7.3. Assume that f G C^(M) such that |VP./| is bounded on [0,T] x M for any 
T > 0. Then ([T^ holds. 

Proof. For any e > 0, let 



C = V^T\VPtZffiXs), s<t. 



By the Ito formula we have 



dCs =dMs + 



2y/s+\VPt-sf\ 



2^2 



(X,)ds 





V|VPt„J|2 


2 


4(e + 


|VP,_J|2)3/2 



2v/£+|VPi-J| 

where is a local martingale. Combining this with (17.51) and (see [HI (1.14)]) 



(7.7) 

we obtain 



L|Vm|^ - 2{VLu, Vu) > -2ki\Vu\ 



\V\Vu 


2 


2 


2\Vu 


2 



dC > dM, - (x,)C,ds - ^2|VPt,Jp ^ 

Since Cs is bounded on [0, t], ki and ^2 are bounded, and by Proposition 17.11 below Ee^'' < 
oo for all A > 0, this implies that 

^l\VPt.rf? 



[0, t] 9 s I— > exp 



«:2|VPi_./p 



/o £+ivPf_jr io ^+ivPi_j|2 

is a submartingale for any e > 0. Letting £ | we conclude that 



[0,t]3s^|VPi-J|(X,)exp 



PS ps 

/ Ki{Xr)dr+ / /t2(X^)d/,. 
.Jo Jo 



is a submartingale as well. This completes the proof. 



□ 



By Lemma I7.3[ to prove Proposition 17.21 it suffices to confirm the boundedness of 
I VP. /I on [0,r] X M for / G Cl{M). Below we first consider / G C^(M) satisfying the 
Neumann boundary condition. 



Lemma 7.4. Assume (A). If holds then for any T > and f G C^{M) such that 
NfloM = 0, IVP./I IS bounded on [0, T] x M. 
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Proof. We shall take a conformal change of metric as in [16] to make the boundary convex, 
so that the known estimates for the convex case can be applied. As explained on page 
1436 in [16], under assumption (A) there exists </> G C°°{M) and a constant R > 1 such 
that I < (p < R, |V0| < R,N log (f)\aM > cr, and V</) = outside drM. Since I > -a, by 
[T6l Lemma 2.1] dM is convex under the new metric 

Let A', V', Ric' be corresponding to the new metric. By [161 Lemma 2.2] 

L' ■= (j)'^L = A' +{d- 2)0V0 + (j)^Z =: A' + Z' . 

Following e.g. [16] we shall now calculate the curvature tensor Ric' — VZ' under the new 
metric. By [T6l (9)], for any unit vector U G TM, U' := (pU is unit under the new metric, 
and the corresponding Ricci curvature satisfies 

Ric'(f/', U') >0^Ric(f/, U) + - {d - 3)| V0p 
^ ■ -2(t/0)2 + (c/-2)0Hess0(f/,t/). 

Noting that 

VxY = VxY - (X, Vlog0)F - {Y,V\og(f))X + {X,Y)Vhg(f), X,Y e TM, 
we have 

{Vu'Z',U'y = {VuZ\U) - (Z', Vlog0) 

= (p^VuZ, U) + (f/0')(Z, U) + {d- 2){U(t)f + {d- 2)</.Hess0(t/, U) - (Z', Vlog0). 

Combining this with (17.81) . (11.11) . ||^||r < oo and the properties of mentioned above, we 
find a constant K' >Q such that 

Ric'(f/,' f/') - {Vu,z\ uy > -K', {w, uy = i. 

For any x,y & M, let {X[,Y^) be the coupling by parallel displacement of the reflecting 
diffusion processes generated by L' with (Xq,Fq) = {x,y). Let p' be the Riemannian 
distance induced by (■, ■)'. Since (M, (-, ■)') is convex, we have (see [131 (3-2)]) 

p'(X;,F/)<e^V(a:,2/), t>0. 
Since 1 < < i?, we have R^^p < p' < p so that 

(7.9) p(X;,F/)<i?e^'V(^,l/), t>0. 
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To derive the gradient estimate of Pt, we shall make time changes 

Jo Jo 
Since L' = (jP'L, we see that Xt := X' i and Yt := Y'^ are generated by L with 



reflecting boundary. Again by 1 < < i? we have 



R-H<i-\t),i-\t)<t, t>0. 

Combining this with |V0| < -R, 1 < < -R and (17.91) we arrive at 



JG\t)/\iy\t) 



(7.10) 



= le. o c^(t) - o c^(t)i < / \<P\x:) - <p\Y:)\ds 

Jo 

<2R^p{x,y) I e^''ds <2te^''R^p{x,y). 
Jo 



Therefore, 



(7.11) 



\PJ{x) - PJ{y)\ = mfiK,^^,)) - 



By ([LH]) and ^^(t) < t we obtain 



(7.12) 



h< ||V/|Ue^ */2p(x,y) 



Moreover, since / G C^(Af) with NJIqm = 0, it follows from the Ito formula and (17. 101) 
that 



holds for some constant Ci > 0. Combining this with ( 17. lip and ( 17. 12^ we conclude that 

||VPt/||oo <C2(l + t)e^'*, t>0 



for some constant C2 > 0. 



□ 
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Proof of Prposition \ 7.S\ Let / G C^(M). By Lemma 17.31 we only have to prove the 
boundedness of |VP./| on [0, T] x M . 

(a) Let / G C^(M). In this case there exist a sequence of functions {fn}n>i C C^{M) 
such that Nfn\dM = 0, fn ^ f uniformly as n — > cxd, and ||V/n||oo < 1 + ||V/||oo holds 
for any n > 1, see e.g. |T2]. By Lemmas [7]3] and [731 (17.61) holds for in place of / so 
that Proposition 17. II implies 

\Ptfn{x) — Ptfn\y)\ ^ ^ J. ^ r-r \ 1 ^ 

— <C, t <T,n> l,x y 



for some constant C > 0. Letting first n ^ then y ^ x, we conclude that |VP./| is 

bounded on [0, T] x M. 

(b) Let / G C^{M). Let {^„}„>i C C^iM) be such that < ^„ < 1, |V^„| < 2 and 
I 1 as n I oo. By (a) and Lemma 17731 we may apply fl7.6l) to Qnf in place of / such 

that Proposition 17.11 implies 

\Pti9nf) (x) - P^m <c, t < T, n > 1, X ^ , 



p{x,y) 

holds for some constant C > 0. By the same reason as in (a) we conclude that |VP./| is 
bounded on [0, T] x M. 

(c) Finally, for / G Cl{M) there exist {/„}„>i C Cj°°(M) such that fn-^f uniformly 
as n oo and || V/„||oo < || V/||oo + 1 for any n > 1. Therefore, the proof is complete by 
the same reason as in (a) and (b). □ 
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